We study the quantum diffusion in quasiperiodic tight-binding models in one, two, and three dimensions. First, we investigate a class of one-dimensional quasiperiodic chains, in which the atoms are coupled by weak and strong bonds aligned according to the metallic-mean sequences. The associated generalized labyrinth tilings in d dimensions are then constructed from the direct product of d such chains, which allows us to consider rather large systems numerically. The electronic transport is studied by computing the scaling behavior of the mean square displacement of the wave packets with respect to time. The results reveal the occurrence of anomalous diffusion in these systems. By extending a renormalization group approach, originally proposed for the golden-mean chain, we show also for the silver-mean chain as well as for the higher-dimensional labyrinth tilings that in the regime of strong quasiperiodic modulation the wave-packet dynamics are governed by the underlying quasiperiodic structure.
I. INTRODUCTION
Understanding the relations between the atomic structure and the physical properties of materials remains one of the elementary questions of condensed-matter physics. One research line in this quest started with the discovery of quasicrystals by Shechtman et al. in 1982. 1 It soon became clear that quasicrystals with their 5-, 8-, 10-or 12-fold rotational symmetries, forbidden according to classical crystallography, can be described in terms of mathematical models of aperiodic tilings of a plane proposed by Penrose and Ammann in the 1970s. 2, 3 Further, quasicrystals are often regarded to have a degree of order intermediate between crystals and disordered systems, which can be understood by considering the repetitiveness of local patterns. While any local pattern in crystals repeats for integer combinations of the lattice vectors, Conway's theorem states that in a quasicrystal a given local pattern in a region of some diameter L will be repeated within a distance of two diameters 2L. 4 In liquids or amorphous systems the distance of identical local patterns of size L grows exponentially with L. Moreover, the deterministic construction rules of the quasicrystal models can also be interpreted as some kind of order in contrast to the situation in disordered systems. On the other hand, translational symmetry is missing in contrast to crystals.
Various experimental investigations revealed rather exotic electrical, magnetic, and optical properties of these materials. 5, 6 As many quasicrystals contain a high percentage of well-conducting elements, it was originally assumed that their thermal and electrical transport properties were similar to those in crystalline or amorphous metals. 5 However, it turned out that they rather behave like semiconducting or insulating materials because they often possess a large resistivity for small temperatures and the resistivity decreases with increasing temperature and increasing structural order of the materials. [6] [7] [8] [9] This motivated extensive research to get a better theoretical understanding of the structure and physical properties of quasicrystals. Today several exact results are known for one-dimensional quasiperiodic systems.
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However, the properties in two or three dimensions have been clarified to much lesser degree and are mainly based on numerical studies for limited systems with a few thousands sites due to the missing translational symmetry of quasicrystals. For instance, the electronic properties were determined numerically for the Penrose tiling, the octagonal tiling, and the Ammann-Kramer-Neri tiling. 13, 14 However, this makes it difficult to understand the nature of eigenstates and properties of macroscopic systems. To address this challenge, different approaches have been followed. For example, by expanding the time-evolution operator in Chebyshev polynomials the spreading of energyfiltered wave packets was studied for generalized Rauzy tilings with up to 10 6 sites. 15, 16 However, this approach only works for systems with a rather smooth local density of states. Further, it is possible to calculate some exact eigenstates of the tight-binding Hamiltonian on the Penrose tiling.
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We follow another approach by studying the wavepacket dynamics for d-dimensional quasicrystalline models with a separable Hamiltonian in a tight-binding approach. 19 This method is based on mathematical sequences, constructed by an inflation rule P describing the weak and strong couplings of atoms in a quasiperiodic chain. The higher-dimensional labyrinth tilings are then constructed as a direct product of these chains and their eigenstates are directly calculated by multiplying the energies or wave functions of these chains. This allows us to study very large systems in higher dimensions with up to 10 10 sites based on the solutions in one dimension. However, the property of separability comes at the price that the labyrinth tilings do not possess a noncrystallographic rotational symmetry. Nevertheless, the labyrinth tiling is able to describe a subset of points of the octagonal quasicrystal associated to the structure of actual quasicrystals with 8-fold rotational symmetry. 19, 20 In this paper we relate the hierarchical properties of these quasiperiodic systems to their electronic transport properties by numerical calculations and a renormalization group (RG) approach in the regime of strong quasiperiodic modulation of the bond strength. Up to now this method has only been used to describe the quantum diffusion for the one-dimensional Fibonacci chain, [21] [22] [23] whereas in this paper we will also study the wave-packet dynamics for the silver-mean chain and the generalized labyrinth tilings.
The upcoming sections are structured as follows: In Sec. II we introduce the metallic-mean chains and describe the construction of the higher-dimensional labyrinth tilings. In Sec. III we then present numerical results for wave-packet dynamics in these quasiperiodic tilings. Using an RG approach and perturbation theory we derive also analytical results for the scaling behavior of the width of the wave packet in Secs. IV to VI, which show a good agreement with the numerical results in the regime of strong quasiperiodic modulation. The results are briefly summarized in Sec. VII.
II. GENERALIZED LABYRINTH TILINGS
The construction of the d-dimensional generalized labyrinth tilings is based on d so-called metallic-mean quasiperiodic sequences, which for a parameter b are defined by the inflation rule
Starting with the symbol s we obtain after a iterations the ath order approximant C a of the quasiperiodic chain. The length f a of an approximant C a is given by the recursive rule f a = bf a−1 +f a−2 with f 0 = f 1 = 1. Further, the ratio of the lengths of two successive iterants as well as the ratio of the numbers # of occurrence of the symbols w and s in an approximant approach different metallic means for a → ∞. 25 Thus, depending on the parameter b we obtain with the continued fraction representation
In this paper we only consider the cases b = 1 and b = 2. Thereby, the first case corresponds to the well known Fibonacci sequence with the golden mean τ Au = [1] = (1 + √ 5)/2, which is related to real quasicrystals with 5-and 10-fold symmetry, 26 and the latter case results in the octonacci sequence with silver mean τ Ag = [2] = 1 + √ 2, which is related to octagonal quasicrystals.
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Our model describes an electron hopping from one vertex of a quasiperiodic chain to a neighboring one. The constructed from two golden-mean chains C Au 5 , which are perpendicular to each other. The bond strengths of the labyrinth tiling equal the product of the associated bond strengths of the onedimensional chains as denoted for the three different bond types in the left lower corner.
aperiodicity is given by the underlying quasiperiodic sequence of couplings, where the symbols w and s denote the weak and strong bonds in the chain. Solving the corresponding time-independent Schrödinger equation
for the quasiperiodic systems with zero on-site potentials, we obtain discrete energy values E i and wave functions
l |l represented in the orthogonal basis states |l associated to a vertex l. The hopping strength t in the Schrödinger equation is given by the quasiperiodic sequence C a with t s = s for a strong bond and t w = w for a weak bond (0 < w ≤ s). 13, 27 Applying free boundary conditions the number of vertices is N a = f a + 1.
The results show that the eigenvalues are symmetric with respect to 0. Thus, for even system sizes N a all energies E have a symmetric counterpart −E, but for odd N a there is one state E = 0, which has no corresponding state. Additionally, the eigenfunctions possess a symmetry: 27 The eigenstate Ψ with the eigenvalue E and the eigenstate Ψ with the respective eigenvalue −E only differ by an alternating sign depending on the vertex l according to Ψ l = (−1) l Ψ l . Further, for odd N a the eigenvector Ψ l associated to the eigenvalue E = 0 has a special structure, i.e., Ψ l vanishes on all even sites l.
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In a next step the generalized labyrinth tilings L dd a in d dimensions are constructed from the Euclidian product
19,28 From a geometrical point of view these chains are perpendicular to each other and the diagonals of the resulting grid correspond to the bonds of the labyrinth tiling as shown in Fig. 1 . Due to this product approach also the bond strengths of the labyrinth tiling equal the products of the corresponding bond strengths of the one-dimensional chains as visualized in Fig. 1 . Hence, in d dimension d+1 different couplings occur. Note that the grid decomposes into 2 d−1 separate grids depending on the starting point. Each of these grids corresponds to a finite ath order approximant L a of the generalized labyrinth tiling L.
20,27
The Hamiltonian of the higher-dimensional generalized labyrinth tiling is separable. Thus, the eigenstates of the labyrinth in d dimensions can be constructed from the product of the eigenstates of d one-dimensional chains:
The superscripts s = (i, j, . . . , k) enumerate the eigenvalues E and r = (l, m, . . . , n) represent the coordinates of the vertices in the quasiperiodic tiling. Due to the symmetries of the eigenstates of the one-dimensional chains mentioned above, some of the wave functions Φ s r and related eigenvalues E s are identical and we have to choose a subset which only includes distinct eigenstates. The construction of such a subset is described in detail elsewhere.
27,29

III. MEAN-SQUARE DISPLACEMENT OF A WAVE PACKET
As outlined in the introduction, the connection of the transport properties and the quasiperiodic structure of a system is not yet fully understood, and thus the investigation of transport properties of these materials continues to be of special interest. In this section, we study the wave-packet dynamics in the metallic-mean systems, in particular in the limit of weak coupling (w ≪ s). The results are then related to the structure of the systems by extending an RG approach in the following section.
We investigate the transport properties of the quasiperiodic systems by means of the time evolution of a wave packet |Υ(r 0 , t) = r∈L Υ r (r 0 , t) |r , which is constructed from the solutions Φ r (t) of the time-dependent Schrödinger equation H(r, t)Φ r (t) = i Φ r (t). The timedependent wave functions can be easily obtained via the separation approach from the solutions of the timeindependent Schrödinger equation in Eq. (4) 30 where we assume that it is initially localized at the position r 0 of the quasiperiodic tiling, i.e., Υ r (r 0 , t = 0) = δ rr0 . Hence, with the completeness relation and normalized basis states the wave packet is defined by
Besides calculating the expansion of the wave packet in space, a more detailed analysis can be obtained by computing the mean square displacement (also called width)
of the wave packet. The spreading of the width d(r 0 , t) of the wave packet in an infinite system shows anomalous diffusion for t → ∞ according to d(r 0 , t) ∝ t β(r0) , where the scaling exponent β(r 0 ) depends on the initial position r 0 of the wave packet. 7, 9, 27, 31, 32 The properties of the electronic transport are governed by the wave-packet dynamics averaged over different initial positions, that is, we determine
Thereby, the scaling exponent β is related to the conductivity σ via the generalized Drude formula for zerofrequency conductivity 7, 33, 34 σ ≃ e 2 ̺(E F )ct
The quantity e denotes the elementary charge of an electron, ̺(E F ) the density of states at the Fermi level E F , c a constant, and t sc a characteristic time beyond which propagation becomes diffusive due to scattering.
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Hence, β = 0 corresponds to the absence of diffusion, β = 1/2 to classical diffusion, and β = 1 to ballistic spreading. For quasiperiodic structures one often observes anomalous diffusion characterized by 0 < β < 1.
12,14,27
Within the range of anomalous diffusion, the subdiffusive regime for β < 1 2 is most interesting because in this case the conductivity σ in Eq. (8) decreases with increasing scattering time t sc . This can be interpreted as a system for which the particles are trapped due to quantum interference phenomena and conductivity is mainly caused by non-elastic collisions, where the collision rate increases with decreasing scattering time t sc . 34 For β > 1 2 the reverse behavior can be observed, i.e., the conductivity decreases with increasing collision rate. We already pointed out that various experiments for real quasicrystals revealed an electronic transport in agreement to the conductivity in the subdiffusive regime (β < 1 2 ).
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The scaling behavior of the mean square displacement d(t) is visualized for the silver-mean chain C Ag in Fig.  2 for s = 1 and different coupling strengths w. The results are averaged over 300 initial positions of the wave packet around the center of the chain. We observe a scaling behavior according to Eq. (7) over several orders of magnitude till the width becomes constant due to finite size effects. The corresponding scaling exponents β for the average mean square displacement d(t) are shown in Fig. 3 for different metallic-mean chains. Thereby, the scaling exponents β steadily increase with the coupling parameter w and the parameter b of the inflation rule.
In Fig. 2 the mean square displacement d(t) is also visualized for the two-and three-dimensional silver-mean labyrinth tiling, where we averaged in two dimensions over 50 and in three dimensions over 20 initial positions of the wave packet due to the limitations of computing resources. The results are qualitatively very similar to that of the quasiperiodic chains and the scaling exponents in Fig. 3 even show that the one-dimensional scaling exponents β 1d are nearly identical to the results for the twoand three-dimensional labyrinth tiling.
IV. RG APPROACHES FOR GOLDEN-AND SILVER-MEAN CHAINS
The structure and the dynamical properties of the metallic-mean systems can be described by an RG approach, which is a mathematical apparatus for the systematical study of the changes of a physical system viewed at different length scales. The general idea is that a given system can be transformed (renormalized) in an RG step in such a way that we obtain a new system with a reduced number of degrees of freedom (i.e. sites and bonds). We make use of the fact that the metallic-mean chains contain for w = 0 only isolated sites (atoms) and biatomic clusters (molecules) coupled by a strong bond as visualized in Fig. 4 . This yields three highly degenerate energy levels: E = 0 for the atomic sites and E = ±s for the bonding and antibonding states of the molecules.
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For non-zero parameters w one finds a coupling between these isolated clusters, where the dominant contribution occurs between sites of the same type.
36 For w ≪ s also the probability density of the wave functions is concentrated either on atomic or on molecular sites depending on the energy E. step consists of the atomic sites of the original chain as shown in Fig. 4 . These new sites are then connected by new strong and weak bonds. In particular, atoms separated by one molecule in the original chain get connected by a new strong bond and atoms separated by two molecules in the original chain become connected by a new weak bond (cf. also Fig. 11 ).
Molecular RG -In one RG step all molecular sites of the original chain are replaced by new atomic sites (cf. Fig. 4 ). Again the atoms in the renormalized grid can be connected by new bonds, where the sites of neighboring molecules are connected by a new strong bond and sites of molecules separated by an atomic site become connected by a new weak bond (cf. also Fig. 12 ).
Both RG schemes yield a new Fibonacci chain, which is scaled in length and energy. Basically, the substitution of a cluster of bonds by a new bond during an RG step corresponds to the block diagonalization of the Hamiltonian of the original chain. This yields an effective Hamiltonian for the new chain containing the bond strengths between the remaining sites. 36 The derivation of the scaling factors z for the new bond strengths as well as the length scalings c under the application of one RG step is described in detail in the Appendix A 1 for the atomic RG and Appendix A 2 for the molecular RG approach.
For the silver-mean chain C Ag we can apply the same approach. In the atomic RG the renormalized grid again consists of all atomic sites of the original chain (cf. Fig.  5 ). By appropriately assigning weak and strong bonds we obtain a new silver-mean chain, which is scaled in length and energy. However, the molecular RG approach for the silver-mean chain is more complicated and requires FIG. 5 . Atomic RG (top) and molecular RG (bottom) for the silver-mean chain C Ag : in the atomic RG all atoms survive and for the molecular RG all molecular sites are replaced by a new site, which results in a new silver-mean chain only after two steps. a two-step process to yield a new silver-mean chain as shown in Fig. 5 . The new silver-mean chain contains then all atomic sites which are located between two molecular sites of the original chain. Details are presented in Appendix A 3 for the atomic RG and Appendix A 4 for the molecular RG approach.
V. RG APPROACH FOR WAVE-PACKET DYNAMICS IN METALLIC-MEAN CHAINS
The scaling exponent β of the mean square displacement d(t) for the golden-mean and the silver-mean chain in the regime of strong quasiperiodic modulations (w ≪ s) can be determined by an approach proposed by Abe and Hiramoto 21, 22 and further refined by Piéchon. 23 It is based on the idea that the time evolution of an initially localized wave packet can be considered as the realizations of successive steps of the above described RG. In particular, this leads to the following two transformations:
Length scaling -In one RG step the width d(t) of the wave packet scales with the grid spacing c, i.e.,
Time scaling -The time evolution of a wave packet is governed by the hierarchic structure of the tiling, which leads to the occurrence of hierarchic resonances on different time scales (cf. Fig. 7) . 22, 24, 37 Since for w ≪ s the energy scales of these resonances are very different, no interference of electrons on different time scales is considered. Further, the scaling factor for the time t under one RG step equals the inverse of the scaling factor z = 1/t of the energy. The second factor is obtained by computing the strengths of the new bonds of the different clusters in the RG approach by applying Brillouin-Wigner (BW) perturbation theory, as discussed in the appendix.
Therefor, from the scaling behavior d(t) ≃ d 0 t β of the mean square displacement according to Eq. (7), one can derive the relation 21, 22 β ≃ ln c ln z .
Abe and Hiramoto as well as Piéchon presented only results for the Fibonacci chain for the two cases of the atomic RG and the molecular RG. [21] [22] [23] In this section we also derive an approximation of the scaling exponent β for the silver-mean chain and show for the associated labyrinth tilings that the corresponding scaling exponents approach the one-dimensional results in the regime of strong quasiperiodic fluctuations. The analytical expressions are also compared with numerical results, which show a very good agreement.
A. Fibonacci chain C
Au
Using the results by Niu and Nori 35, 36 (cf. Appendix A 1), the energy scaling for the weak and the strong clus- 
While
approaches, the molecular RG theory yields significantly better results for the scaling exponent β for larger values of w. This can be understood by the fact that the dynamics of an initially localized wave packet are actually governed by the atomic and the molecular RG approach. 22, 23 The reason is that independently of the original type (atomic or molecular site) of the initial position l 0 of the wave packet after one RG step the new initial site l ′ 0 can be either an atomic or a molecular site. Thus, the scaling exponent β of the mean square displacement d(t) shown in Fig. 6 strongly depends on the percentages p atom and p mol of atoms and molecules in the golden-mean chain. As the percentage p mol is significantly higher, it is not surprising that the exponent β mol Au shows a better agreement with the numerical data for the exponent β. One can also determine a weighted average of both scaling exponents, that is,
A comparison of this expression with the numerical results in Fig. 6 shows a very good agreement for w ≪ s, but for larger w the agreement is not as good as for β mol Au . In the second case we have to keep in mind that we apply perturbation theory and the results are only valid for w ≪ s. As the RG approach overestimates the results for larger values of w, usually the lower of the two exponents, β l 0 that survives all atomic/molecular RG steps for an approximant of finite size. Using this method Hiramoto and Abe found a good correspondence between the theoretical and numerical results of the atomic RG for w < s/4.
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B. Silver-mean chain C
Ag
The derivations for the atomic RG approach in Appendix A 3 lead for both types of clusters to an energy scaling ofz Ag = w/s. With the corresponding length scaling c atom Ag
Ag we obtain the scaling exponent
For the molecular RG the energy scaling for the weak and strong cluster is different. In Appendix A 4 we obtain for the strong cluster z sc Ag = w 2 /s 2 and for the weak cluster z wc Ag < w 3 /s 3 for w ≪ s. On average we expect to obtain a superposition of the spreading caused by both clusters. Using Eq. (2), which relates the number of strong and weak bonds/clusters in the silver-mean chain, we can derive an average energy scaling of 
In Fig. 6 the analytical expressions for the atomic and the molecular RG are compared with the numerical results. For the molecular RG we always plot a range of possible scaling exponents β of the atomic RG are significantly higher than the numerical results. As already discussed for the golden-mean chain, the exponent β depends on the initial position l 0 of the wave packet. For instance, Fig. 7 shows that an atomic initial position l 0 which remains an atomic site under the RG transformation is well described by the atomic RG. Hence, on average we expect to obtain a scaling exponent β between the results predicted by the atomic and the molecular RG. Using the percentages of atoms and molecules in the silver-mean chain according to Eq. (2), we obtain for the average scaling exponent the error bars for w ≪ s. But again, the lower exponent β mol Ag shows a better agreement for larger w. Further, by comparing the results for the golden-mean and the silver-mean chain we find that the exponent β Ag is slightly larger than β Au in agreement with the numerical results in Fig. 3 .
Further, the repeating patterns of d(t) in Fig. 7 reflect the hierarchic resonances of the wave packet dynamics on different time scales. We can also determine the scaling factor z directly from the distance of successive patterns. In the case of the atomic RG for the silver-mean chain for w = 0.1 and s = 1 the patterns are repeated in Fig.  7 after a factor of 10 on the time scale, which yields the scaling factorz Ag = 1/10 for the energy and, thus, for the bond strengths. This result agrees perfectly with the theoretical resultz = w/s.
VI. RG THEORY FOR HIGHER DIMENSIONS
Like the one-dimensional systems, the labyrinth tilings possess a hierarchical structure. In Fig. 8 we show the corresponding atomic and the molecular RG approach for the golden-mean labyrinth tiling L Au . In this tiling we can identify three different clusters (strong, medium, and weak) in correspondence to the three different bond types. In general, the clusters of the RG in d dimensions are given by the product of the corresponding onedimensional clusters due to the product structure of the labyrinth tiling (cf. Figs. 15 to 20) . Hence, the number of different clusters depends on the number of bond types, which in d dimensions is given by d + 1.
The derivations of an analytical expression for the scaling of the length and bonds strengths for the labyrinth tiling follow the same way as before. As an example they are described for the golden-mean labyrinth tiling L Au in the Appendices B 1 and B 2. In two dimensions we obtain a grid scaling of c atom,2d Au = τ
−6
Au for the atomic RG and c mol,2d Au = τ
−4
Au for the molecular RG. With the BW perturbation theory we determine the new bond strengths, where we obtain a qualitatively different result for the atomic and the molecular RG.
For the atomic RG the scaling factor for the bond strength isz 2d Au = (z Au ) 2 = w 4 /s 4 . Plugging this into Eq. (9) we obtain the same analytical expression as in one dimension, i.e., Eq. (10). This result is not surprising because the scaling factors for the grid spacing and the bond strengths are the squares of the one-dimensional results, which cancel each other according to Eq. (9) . Since the dominant coupling between the edge sites of a d-dimensional cluster originates from the bonds along its diagonal and the couplings along this diagonal are the products of the coupling strengths of d one-dimensional clusters (cf. Figs. 15 to 17) , for the atomic RG in d dimensions the scaling factor for the bond strengths and, hence, the energies isz d . Although the structure of the clusters is very similar for the molecular RG, the result is somewhat different 
For very small coupling parameters w → 0 the first term of the denominator dominates and this expression approaches the one-dimensional result in Eq. (11) . We plot this function in Fig. 9 and find that it is greater than the one-dimensional results of the molecular RG for all considered values of w. For the average scaling behavior we have to consider the contributions of both RG approaches according to Eqs. (10) and (17) . By calculating the percentages of atoms and molecules, we obtain the average scaling exponent
The result for the three-dimensional labyrinth tiling L 3d,Au follows in the same way. We already pointed out that the atomic RG approach yields the same exponent in every dimension (cf. Eq. (10)). Due to the normalization condition we obtain in the molecular RG an additional factor of 4, which yields the scaling factor z 
In Fig. 9 we compare the numerical and the analytical results for the average scaling exponent β Au for the golden-mean labyrinth tilings. Within the error bounds we find a good correspondence in the regime of strong quasiperiodic modulation. Further, although the analytical expressions for the scaling exponent β Au in different dimensions are quite different, we see that they approach each other for w ≪ s. This is also in good agreement with the numerical data in Fig. 3 , which show no significant differences in one, two, and three dimensions. Also for the silver-mean labyrinth tiling L Ag we can apply the atomic and molecular RG. Like for the goldenmean labyrinth tiling we find three types of clusters in two dimensions, which are visualized in Fig. 10 . Again, we have to distinguish between the atomic and the molecular RG approach. For the atomic RG the scaling factors of the length as well as the bond strengths are the squares of the one-dimensional results, which yields the same analytical expression for β (cf. Eq. (13)) as in one dimension.
For the molecular RG we have to carefully adapt the RG approach because the scaling factors of the energies are not identical for the different types of clusters. Hence, we explicitly have to determine the new average scaling factor z Ag (cf. Eq. (14)). The scaling factors for the clusters are given as the product of the one-dimensional results, which yields for the strong, medium, and weak clusters of the two-dimensional labyrinth tiling the factors z respectively. By considering the percentage of each of these clusters in the labyrinth tiling, we obtain the average scaling factor
According to Eq. (9) this yields the same scaling exponent as for the one-dimensional system (cf. Eq. (15)). The average scaling exponent β Ag follows then from Eq. labyrinth tiling with that of the silver-mean labyrinth tiling. Since we only know the upper bound of the scaling factor of the weak cluster in one dimension (i.e. z wc Ag ∈ [0, w 3 /s 3 ]), the analytical expressions again describe a range of possible exponents. A comparison with the numerical results in Fig. 9 shows that the final scaling exponent is very close to that of the atomic RG and, hence, overestimates the actual results. Rather, the molecular RG works better than the average. By performing the same calculations also for three dimensions, we obtain that the scaling exponent β 3d Ag is even closer to the scaling exponent of the atomic RG. Hence, we would expect that also the numerical results for β approach the analytical expression for β atom Ag in Eq. (13) with increasing dimensionality. However, we do not observe such a behavior. A possible explanation for these discrepancies could be that determining an average scaling factor for the bond strength in the molecular RG according to Eq. (20) from the energy scalings of the different cluster types does not adequately display the dynamical behavior. At least, the numerical and analytical results approach each other with increasing quasiperiodic modulation, and we find a correspondence for w = 0.1 within the error bounds.
VII. CONCLUSION
We have studied the quantum diffusion in quasiperiodic systems in one, two, and three dimensions by investigating the time evolution of wave packets. By numerical calculations of the scaling behavior of the mean square displacement d(t) of a wave packet we have observed the occurrence of anomalous transport for all coupling strengths w ∈ (0, s) and that the scaling exponents β are more or less independent of the dimension.
Further, we have extended an RG method, originally proposed by Abe and Hiramoto for the golden-mean chain to obtain an analytical expression also for the scaling exponent β of the silver-mean chain. With the same method we have been able to show that the scaling exponents β dd of the labyrinth tilings approach the one-dimensional scaling exponents β 1d for the goldenmean and the silver-mean system in the regime of strong quasiperiodic modulation (w ≪ s). The analytical results are also in good agreement to our numerical results.
Although properties like the structure of the energy spectrum strongly depend on the dimensionality, these derivations also showed that the product structure is an essential reason for the rather similar scaling exponents β in different dimensions. Hence, further research of the transport properties is needed especially with a focus on non-separable tilings. Nevertheless, we have been able to draw a connection between the structure of the quasiperiodic systems and their transport properties with the RG approach. We found that for strong quasiperiodic modulations the wave-packet dynamics are governed by the hierarchical structure of the quasiperiodic systems lead-ing to the occurrence of hierarchic resonances on different time scales.
Additionally, for w ≪ s the numerical and analytical results for the exponent β show the occurrence of subdiffusive wave-packet dynamics (β < 1/2). According to the generalized Drude equation this leads to a decrease of the conductivity with increasing structural order as it is observed in real quasicrystals. 7, 8 Hence, labyrinth tilings can be useful models to study the characteristics of higher-dimensional quasiperiodic systems efficiently by numerical methods and also analytically. This section comprises the results for the scaling of lengths and energies in the RG approach introduced by Niu and Nori. 35, 36 Although the scaling factors have been derived for the Fibonacci chain before, 21, 22 we will briefly sketch the calculation for the atomic RG and mention the results for the molecular RG because we make use of them also for the octonacco chain. Further, it allows us to compare the results for different dimensions.
Fibonacci chain C
Au -Atomic RG
In the atomic RG approach for the Fibonacci chain the renormalized grid after one RG step consists of the atomic sites of the original chain (cf. Fig. 4) , which leads to a scaling of the bonds according to the substitution rule in Fig. 11 . The scaling of the grid spacing is given by the substitution matrix 40 of the corresponding RG expansion (P atom Au ) −1 , which relates the number of symbols w and s in successive RG steps: The Perron-Frobenius eigenvalue λ Fr of this matrix corresponds to the inverse of the scaling factor c atom Au of the grid spacing, i.e.,
Au .
The scaling of the new bond strengths is calculated by Brillouin-Wigner (BW) perturbation theory for each of the two substitution clusters in Fig. 11 . For the metallicmean systems the coupling parameter w is treated as a perturbation. Hence, the Hamiltonian H = H 0 + H 1 is decomposed into a Hamiltonian H 0 (w = 0) of the unperturbed system and a perturbation H 1 = H − H 0 (w = 0). The approach is described in detail by Niu and Nori. 
Here, P denotes the projection operator out of the subspace for a given g-times degenerate eigenstate Ψ i with the energy E i of H 0 , i.e., for the strong cluster it is given by P = |Ψ
b. Energy scaling for weak cluster
Analogously this approach is applied to the weak cluster. The Hamiltonian H 0 yields the atomic wave func-tions |Ψ 1 = |1 , |Ψ 2 = |6 with the energy E 1/2 = 0 as well as the molecular wave functions |Ψ
(|4 ± |5 ) with the energies E ± 3/4 = ±s. The strength w ′ of the new bond is again given by the matrix element Ψ 1 | H |Ψ 2 . We obtain no contribution in the first order expansion due to Ψ 1 | H 1 |Ψ 2 = 0 and with the projection operator P = |Ψ 
Hence, for the atomic RG of the Fibonacci chain the scaling of the bond strength of both clusters and, thus, the scaling of the energy is given byz Au = w 2 /s 2 .
2. Fibonacci chain C Au -Molecular RG
In the molecular RG of the Fibonacci chain all molecular sites of the original chain are replaced by new atomic sites as shown in Fig. 4 , which leads to a scaling of the bonds according to the substitution rule P mol Au in Fig. 12 . The scaling factor c mol Au of the grid spacing is again determined by the substitution matrix
which results in
The scaling factors for the new bonds of the two substitution clusters in Figs. 12 follow by BW perturbation theory. The derivations are described in detail by Niu und Nori 36 and yield
This corresponds to an energy scaling z Au = w/2s.
Au of the molecular RG for the Fibonacci chain C Au in Fig. 4 (top) with the energy scaling for the strong cluster (left) and the weak cluster (right).
Octonacci chain C
Ag -Atomic RG Like in the atomic RG approach for the Fibonacci chain, here only atomic sites survive during an RG step as shown in Fig. 5 . The corresponding substitution rule and the scaling of the clusters are shown in Fig. 13 . The substitution matrix is now given by
and thus the grid spacing scales with c atom Ag
Ag .
The bond strength for the strong cluster is very simple, and for the weak cluster (cf. Fig. 13 ) we already derived its strength in Eq. (A4) while studying the strong cluster in the atomic RG of the Fibonacci chain (cf. Fig. 11 ), i.e., Hence, we obtain an energy scalingz Ag = w/s.
Ag -Molecular RG Applying the molecular RG to the silver-mean chain C Ag leads to some challenges because two RG steps are needed to obtain a new silver-mean chain (cf. Fig. 5 ). The substitution matrix of the corresponding RG expansion (cf. Fig. 14) is given by
and we obtain a scaling of the grid spacing of
The scaling of the bond strengths is again calculated using the BW perturbation theory for each of the two substitution clusters in Fig. 14.
a. Energy scaling for strong cluster
Here, we have the same substitution rule as for the strong cluster in the atomic RG theory for the Fibonacci chain (cf. Fig. 11 ), that is, we get
This results in an energy scaling of z sc Ag = w 2 /s 2 for the strong cluster.
b. Energy scaling for weak cluster
The computation of the strength of the new weak bond turns out to be rather complicated. The reason is that we cannot apply the method used so far because the edge sites of the cluster and some of the inner sites belong to the same subspace. Hence, we have to resolve this degeneracy first to compute the new Hamiltonian matrix elements. However, the new set of wave functions shows already a coupling of the edge sites of the cluster so that we do not obtain information about the energy scaling of the bonds.
However, we can obtain an upper bound replacing the central weak bond of the weak cluster by a strong bond. For this modified cluster we can apply the RG approach. In particular, we obtain for the Hamiltonian H 0 of the modified cluster the atomic eigenstates |Ψ 1 = |1 , |Ψ 2 = |8 with E 1/2 = 0 and the molecular eigenstates |Ψ (|4 ± |5 ),
(|6 ± |7 ) with E ± 3−5 = ±s. The leading non-zero contribution occurs only in the fourth order of the perturbation expansion:
=⇒ w ′ = w For the labyrinth tiling we use the same technique as for the quasiperiodic chains. For the atomic RG the renormalized labyrinth tiling contains only the atomic sites of the original tiling as shown in Fig. 8 for the golden-mean labyrinth tiling L Au . In two dimensions we obtain three types of clusters. The corresponding substitution rules for the strong, medium, and weak cluster are shown in Figs. 15, 16 , and 17. The scaling of the grid spacing c can be easily obtained from the scaling N ′ a → cN a of the one-dimensional system size. Thus, we obtain in d dimensions 
b. Energy scaling for medium cluster
For the cluster of medium strength we use the same approach. The Hamiltonian again contains all couplings as shown in Fig. 16 and the eigenstates of H 0 are |Ψ 1 = |1 , |Ψ 2 = |2 , |Ψ 3 = |3 , |Ψ 4 = |6 , |Ψ 5 = |7 , |Ψ 6 = |10 , |Ψ 7 = |11 , |Ψ 8 = |12 with E 1−8 = 0 and |Ψ
(|5 ± |9 ) with E ± 9/10 = ±s 2 .
The new bond strength of the medium cluster is given by the matrix element Ψ 1 | H |Ψ 8 . Thus, there is no contribution in the first and the second order expansion. In the third order we have four contributing terms: For the weak cluster the Hamiltonian again contains all coupling strengths as shown in Fig. 17 . The Hamiltonian H 0 yields the atomic wave functions |Ψ 1 = |1 , |Ψ 2 = |2 , |Ψ 3 = |3 , |Ψ 4 = |6 , |Ψ 5 = |7 , |Ψ 6 = |12 , |Ψ 7 = |13 , |Ψ 8 = |16 , |Ψ 9 = |17 , and |Ψ 10 = |18 with an energy value E 1−10 = 0 as well as the molecular wave functions |Ψ The strength of the new bond for the weak cluster is given by the matrix element Ψ 1 | H |Ψ 10 . As for the medium cluster we obtain no contribution in the first and the second order expansion. In the third order we
